Abstract. We present a mathematical model for a technology cycle that centers its attention on the coexistence mechanisms of competing technologies. We use a biological analogy to couple the adoption of a technology with the provision of financial resources. In our model financial resources are limited and provided at a constant rate. There are two variants analyzed in this work, the first considers the so-called internal innovation and the second introduces external innovation. We make use of the adaptive dynamics framework to explain the persistence of closely related technologies as opposed to the usual competitive exclusion of all but one dominant technology. For internal innovation the existence of a resource remanent in the full adoption case does not always lead to competitive exclusion; otherwise with the external innovation the resident technology can not be displaced. The paper illustrates the persistence of closely related technologies and the competitive exclusion in renewable energy technologies and TV sets respectively. 1. Introduction. Technological change is an important engine for the development of nations; Schumpeter [32] states that technological innovation is a major component of economic growth for it is one of the fundamental impulses that sets and keeps the capitalist engine in motion. Grübler [15] argues that technological diversity, a concept intimately associated to technological change, is both a means and a result of economic development and Stirling [36] concludes that the concept of technological diversity is of considerable general significance in economics. In terms of a technology portfolio issue, prior studies suggest two possible alternatives of technological strategy: specialization and diversification [17] .
1. Introduction. Technological change is an important engine for the development of nations; Schumpeter [32] states that technological innovation is a major component of economic growth for it is one of the fundamental impulses that sets and keeps the capitalist engine in motion. Grübler [15] argues that technological diversity, a concept intimately associated to technological change, is both a means and a result of economic development and Stirling [36] concludes that the concept of technological diversity is of considerable general significance in economics. In terms of a technology portfolio issue, prior studies suggest two possible alternatives of technological strategy: specialization and diversification [17] .
Competition occurs, in an ecological context, because of the uneven distribution and limited quantity of resources. The basic model that captures this phenomenon is the logistic equation that postulates two basic parameters to drive the interaction among species: the intrinsic population growth rate and the carrying capacity of the environment. Analogously, the process of technological change is also linked to the logistic equation. This model has been widely used as a natural law of the diffusion of technology because it captures the changing essence of technologies, products and markets [42] , [31] , [8] . Fisher and Pry [12] demonstrated the validity of the logistic equation in the process of technological substitution, based on the observation that market shares of technologies admit roughly an S-shaped pattern, while [26] and [27] found a relationship between growth and diffusion of innovations that also follows a logistic law of learning process.
Analogies can become powerful conceptual tools if used within appropriate contexts. Devezas and Corredine [8] argued that the common denominator underlying the phenomena of growth in cell populations, human populations and innovations is the basic mechanism of transmission, and therefore it is not surprising that many models have applied a biological analogy to understand technological dynamics.
Technological change is a dynamic process that can be characterized by three main phases: the emergence, the replacement and possibly the coexistence of technologies. This so-called "technology cycle model" draws upon work in economics, organizations and sociology to depict the emergence of technological innovations, and its subsequent evolution [1] , [38] . Therefore in this process, if successful the new technology becomes dominant through differential growth, and it lasts in the environment for some time until a new competing technology emerges and challenges its dominance.
A complex unfolding process that includes economic, social, political and strategic elements determines who the winner will be [3] . Its emergence is followed by a period of incremental changes or sustained technological developments, until another disruptive innovation sets in motion another battle for dominance [38] , [4] , [5] . This phenomenon has been broadly described as the process of creative destruction [32] , where a growth period when adoption increases is followed by a stationary phase of relative stability until finally the technology becomes obsolete with a new improved one replacing it [17] , [20] [13] . There are instances where competing technologies do not become obsolete but share the market without displacing each other, leading to a dynamic evolutionary trend characterized by frequent increases in technical efficiency, productivity and accuracy of processes [29] , [11] but not displacement. To explain this fact Levinthal [25] proposes a niche theory for technological evolution. According to this author when a technology is implemented in a new application domain isolated from the mainstream market, a selection process takes place in which the new technology is stepwise improved with contributions not only from the creators of the new knowledge but also from "user preferences" resulting in so-called market niches [34] . Examples of this are found in the computer industry where the DOS/Wintel PC and Macintosh computers have coexisted in the market place for a long period of time because each type of computer has a niche defined by user preferences (Apple computers have survived in the marketplace because Apple created a niche for itself by focusing on graphics, an area DOS was not concentrating on).
Coexistence of technologies is probably the least explored aspect of technological dynamics. Nair et al. [28] argue from real cases in the industry, that the complexity of the underlying technology, ecological and institutional dynamics may allow coexistence regimes of competing technologies. Watanabe et al. [41] analyzes a complex interplay between competitive and cooperative species in an ecosystem based in the Lotka-Volterra equations. This dynamic resembles the co-evolution process in an ecosystem where, in order to maintain sustainable development, a complex interplay between competition and cooperation, typically observed in prey-predator systems, sets in.
Although all these topics have been the subject of empirical and theoretical work, they have usually been considered in isolation with an emphasis on the process of technological substitution.
In this paper we introduce a biologically motivated model that explicitly accounts for the emergence, replacement and coexistence of technological innovations. We couple the adoption of a technology with the efficiency in technology absorption and the provision of financial resources (actual or potential resources that allow an organization to adapt successfully to internal and external pressures for change in technologies or markets); this resource is limited but not constant and is utilized at a constant rate.
The framework is a rich alternative for the theoretical basis of innovation diffusion where models generally assume a logistic equation (constant carrying capacity) modified to account for variable carrying capacity through the introduction of a factor known as "external" innovation. This approach is not complete since actual resources (which are dynamic entities in themselves) can also alter the carrying capacity not only through the inflow of external adopters. Besides this somewhat obvious justification, the model is capable of explaining the existence of several closely related technologies, coexisting without necessarily competing out each other. To complete our study we use an Adaptive Dynamic framework [39] , [10] , [24] . Adaptive dynamics has been a standard tool to give an evolutionary perspective to ecological and technology models in order to obtain a view of the role of "natural selection" in shaping the characteristics of a life cycle [7] . In this sense in a competitive system the generation of new technology produces the emergence of technological variety.
1.1. Examples of the technology adoption. Figure 1 shows the number of patents issued in the area of climate change mitigation technologies such as solar photovoltaic (solav PV), solar thermal (solar TH), wind, biofuels among others. The patent data have been extracted from the EPO/OECD (European Patent Office/Organisation for Economic Co-Operation and Development) World Patent Statistics database (OECD, 2010) and cover a selection of technology fields (renewable energy) for all countries in the years from 1978 to 2006. The phenomenon of coexistence can be appreciated in renewable energy technologies in which the solar photovoltaic patents grow faster than other patents in general.
According to the OECD, in the area of low-carbon technologies "innovation activity in low-carbon technologies grew dramatically after the Kyoto Protocol agreement" and "the international community will be critical for business investment decisions in R&D for low-carbon technologies and infrastructure" [30] . This supports the idea that, at least in part but importantly, the Kyoto protocol lead to an increase of innovation in these areas. Figure 2 that as the price of color TV sets declined, people started to switch from monochrome to color TV because the performance of color TV sets is clearly superior to monochrome TV sets. Consequently, color TV sets diffused rapidly in line with a logistic growth. They exhibited rapid growth from 1968, 8 years after their inauguration, by substituting monochrome TV sets altogether by the early 1980s.
Since the technical standard for the color TV broadcasting was compatible to monochrome TV sets, people could receive color TV broadcasting through their monochrome TV sets as monochrome TV programs. In this sense, color TV broadcasting and monochrome TV broadcasting were in a competitive relationship because people could choose either monochrome or color TV sets according to their preferences.
The phenomenon of substitution was expected because at a branching point the old and the new versions of the technology coexist under different resource management schemes. From these two study cases we see that our approach can provide an evolutionary interpretation about the persistence of closely related technologies (coexistence) and competitive exclusion.
The paper is organized as follows. In the next section we present a model of innovation and resource supply; in particular we show a generalization of the model by allowing external influences to affect the diffusion of innovation. Then we present the equilibrium points and stability conditions and an adaptive dynamic equation derived and analyzed with the aim of characterizing the transition between technological coexistence and extinction of a technology. Finally we present our conclusions about the purpose of this study.
2.
A mathematical model for innovation and resource supply. We follow [24] adopting their approach to the context of innovation diffusion. The basic tenet of the model is that it takes time for innovations to diffuse in a given target population. Let p(t) be the proportion of adopters at time t (called the adoption curve) i.e. p(t) is a measure of the market share in terms of the approval of a product or technology. This leads to the logistic Verlhust-type growth scenario
where 0 ≤ p ≤ 1, and we have rescaled the variables so as to have a carrying capacity of 1; r is the instantaneous growth rate of new adopters within the group. This model assumes that the marketplace in which the innovation can diffuse is limited by a maximum number of adopters; equation 1 is a very well known model in the innovation literature. If p(0) = p 0 the above ordinary differential equation has the solution
illustrated in Fig. 3 . If p 0 < 1, p(t) simply increases monotonically to 1 while if p 0 > 1 it decreases monotonically to 1 provided r > 0. In the former case there is a qualitative difference depending on whether p 0 , the initial condition, satisfies either p 0 > 1/2 or p 0 < 1/2. For p 0 < 1/2 the form has a typical sigmoid curve which is commonly observed in learning processes. The parameters p 0 and r have to be estimated from historical data. The results and conclusions that can be derived from 1 are standard and we refer the reader to [42] , [13] for more information. The function p(t) is a S-shaped curve (see [42] ) for certain parameters values, that is able to describe the birth, growth, and depletion of a technology [29] , [11] . The classical interpretation of this curve says that in the initial period there is much experimentation in the product, gradually establishing a position in the market and among early users. Thereafter there is a kind of economic takeoff to a period of incremental improvements accelerated in quality, efficiency and cost effectiveness, then the process finds its limits. At this point the technology reaches maturity, it has lost its dynamism and profitability (see Fig. 3 ). This state may continue for months, years or decades. Upon reaching maturity it is very likely that the product will be replaced. 
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Frequency distribution (new adoptions events) Figure 3 . S-Shaped curve and frequency distribution by the adopters function p(t) with p 0 = 0.01 and r = 0.9.
A example of S-shaped curve in real data is the use of patent citations as an indicator of knowledge flow, extensively discussed in [18] , [19] and references therein. The patents are used as surrogates of the creation of new ideas, and the citations that patents make to previous patents are indicators of existing ideas used in the creation of new knowledge, i.e., adoption. These models are based on the citation functions (citation frequency as a function of time elapsed from the potentially cited patent), in which the citations display a pattern of gradual diffusion and ultimate obsolescence.
The dynamics of adoption of a new technology are not isolated, as the model above implicitly assumes, but are immersed, in particular, in the economic conditions that prevail and define the magnitude of the parameter r. In general, the growth rate r depends on several factors, in particular, on the resources (prominently financial but also cultural, economical, etc.) exclusively allocated for the enhancement of the adoption of the innovation.
The size of this resource budget we represent by ω which can take values, after rescaling, on 0 ≤ ω ≤ 1. The simplest hypothesis that describes the dependence of the growth rate of the adopters on the budget is a linear dependence:
where n is the instantaneous rate of technology adoption and m is the rate at which a technology is abandoned, where n ≥ m. Note that the dimensions of n and m are 1/time (note that ω is adimensional after rescaling) which is consistent with the units of the adoption rate. This relation says that the adoption rate increases in direct proportion to the size of the allocated present budget and decreases according to adoption failure. We now have to establish the budget dynamics [24] . Here we will be assuming that the budget has a limiting size set by the investors in advance of the market introduction of the technology and equal to λ; we also assume that investors invest by allocating resources to the budget in direct proportion to the not yet allocated budget, that is, to 1 − ω; finally, the budget is used or consumed by adopters at a rate npω where n is the efficiency with which resources are converted into technology adopters. Therefore, the term assumes that budget or resource use is proportional to the product of instantaneous rate of technology adoption n and pω that represents the interaction between adopters and resources (following a law of mass action implicit also in equation 1):
In the absence of adopters, p = 0, the resources are thus described as ω(t) = 1 − e −λt where one can see that the resources saturate to a maximum amount of 1. Following [24] , the model with resource renewal corresponds to the following equations with given non-zero initial conditions for p and ω
We adapt an ecological perspective to explain the technology cycle model. The link between these two views is that the interplay between technological change and innovation is akin to the process of evolution by natural selection in which competition between individuals in the same population or individuals of different species is the most important mechanism. For that reason as in the ecological context, the limited amount of resources is the root of competition, which in technology innovation becomes the level of financial resources available to adopt a technology.
The model admits three different asymptotic outcomes. The calculation of equilibrium points is straightforward. We limit ourselves to a reinterpretation of the equilibria originally obtained in [24] to the case of the innovation process discussed here.
a. Adoption failure. The equilibrium E = (0, 1) is stable. Here, the adopters vanishp 0 = 0, but since there is a constant supply budget, it goes to its allowable maximumω 0 = 1, unused. This is an scenario where technology adoption fails but not for lack of resources. This equilibrium is stable when the adoption rate is inefficient (perhaps the technology is difficult to assimilate [37] , [14] ) meaning that m > n making r < 0 possibly indicating that a maladaptive or bad strategy was implemented making it possible to reach the valueω 0 = 1. . 4) ; the abandonment rate of technology is lower than the instantaneous rate of adoption, m < n, thus generating a net increase through time. In this scenario the adopters will stabilize at a level that is not the maximum allowable (i.e., there will be people left to adopt); likewise the budget stabilizes at a certain level that is not the maximum.
This equilibrium is stable for investment strategies satisfying λ λ+ n < m n < 1 which could be achieved if the efficiency of transforming resources into adopters is high ( n large). Another way of describing the above is through the inequality:
This indicates that in order for ( p 1/2 , ω 1/2 ) to be stable, the efficiency rate must be greater than the supply of resources λ during the time where adoption is actively taking place c. Full adoption. We can observe that in Fig. 5 the adopters stabilize at the maximum,p 1 = 1 while the budget or economic resources settle toω 1 = λ λ+ n . Notice that this scenario indicates that the technology was successful because it saturates the marketplace although there is still a bit of resources untouched. Note that if efficiency is low ( n small) then the leftover budget will be small; in fact only if efficiency is low is this equilibrium reachable since 0 ≤ m n ≤ λ λ+ n is required in this case.
It is important to point out that incomplete adoption and full adoption interchange stability: when one is stable the other is unstable and vice versa. Incomplete adoption sets the stage for the possibility of coexisting technologies without the dominance of one, in other words there are resources for the standard life cycle of creative destruction to take place. In summary, the important observation is that the very act of adopting the technology leaves resources that could be used to adopt another competing technology that could, in principle, displace the one that made possible its existence; moreover if the use of resources is efficient, more resources will be left available for other technologies. Also depending on the efficacy of resource use either we have a stable full adoption or a stable incomplete adoption.
In the following table we show the conditions that need to be satisfied for each of the scenarios to be stable. We are interested is the analysis of the transition between full technology adoption (case c) and incomplete adoption (case b) since the latter can induce technological diversification as will be described shortly.
Note that feasible and interesting cases occur only when 0 ≤ m n ≤ 1, i.e. the important parameter for stability of the system is m n , this represents the adopters that leave the technology during the time that it takes to adopt with m < n.
Strategy
Equilibrium States m > n Adoption failure Table 1 . Equilibrium states for the dynamics of technology adopters in a system with economic resource renewal.
2.1. Innovation with external sources. Before we continue with the analysis of our model, in this section we take a quick look at the classical introduction of "external" adoption. A traditional approach for describing this system is based on the Bass model [2] , where there is an important distinction in adopters: innovators versus imitators. Innovators are not influenced in the timing of their initial purchases by the number of people who have already bought the product, while imitators are influenced by the number of previous buyers [2] , [42] . In this case the biological analogy breaks down and the innovation scenario leads to a different interpretation [6] , [23] . The basic model parameters are the same: let r be the instantaneous rate at which a current non-adopter hears about (and adopts) the innovation from a previous adopter within the group, and let r * be the instantaneous rate at which the potential adopter hears about (and adopts) it from sources outside of the group; r and r * are nonnegative and not both zero, so the model is set up in terms of innovation and imitation behavior. The adopters dynamic is modeled now as
When r and r * are constant the solution to the above is
The above function is also a S-shaped curve (for certain parameters values), the total growth rate r + r * , and in the absence of adopters inside the system (r = 0) adoption can still take place provided the initial condition is positive.
Here the function p(t) is a measure of the market share over time from internal and external sources. Define r * (ω) = n * ω − m * and r(ω) = nω − m, as before, to represent the adopters increase rate as a function of external and internal processes where both depend on the same source of financing. As before n and n * are the instantaneous rates of adoption, m and m * are the abandonment rates of technology. We then have the following system
The equilibrium points are now a bit more complicated to express than before since the effect of external influences imposes feasibility boundaries (functions of the parameters) on the variables that determine the validity and technological significance of the model predictions. We deal with this in detail in the Appendix. For now a quick analysis gives one of the equilibrium points:
that corresponds to the case of successful innovation although with restrictions not present in our model (5)- (6) . After some straightforward but nevertheless cumbersome algebraic manipulations (see Appendix) one finds the additional equilibrium point:p
where ω 1 is shown in the Appendix. The interpretation of these equilibrium scenarios is the same as the one given in section 2 except for the case of incomplete adoption since here, we have a further restriction: either r * or r is negative, that is, the instantaneous growth rate per adopter from external or internal sources is negative. Moreover a stability condition for the equilibrium point (11) is |r * (ω)| ≤ |r(ω)|, which means that in absolute value, the instantaneous growth rate at which an adopter knows about an innovation outside of the group must be less than instantaneous growth rate within the group. This means that only if technological adoption is very inefficient inside or outside the group, is incomplete adoption feasible. Therefore in what follows we only discuss the full adoption stability properties.
Full Adoption. At this point we have the maximum of adopters (see Fig. 6 ) because this scenario indicates that the technology was successful. This equilibrium is stable when
Here this means that the efficiency is lower than the supply of resources λ during the time where adoption is actively taking place 1 m+m * − 1 n+n * derived from both sources.
In the previous condition if the efficiency is less than the provision of resources this indicates that the technology has a "captive" market. Although technology has saturated the market there are still resources available that make possible the exploration of other technology.
3. Adaptive dynamics. We use the Adaptive Dynamics (AD general theory of evolutionary processes) to approach our model from an evolutionary perspective and also to be able to explain the persistence of closely related technologies (coexistence) or competitive exclusion. Viewed through the lenses of AD, technological change is mainly based of innovation recombinations and rearrangements of technological and economic characteristic traits [7] .
In this section we discuss the emergence of technological variety, still following the model in [24] within the context of the technology innovation. When a technological evolution reaches an equilibrium, it can either be an evolutionarily stable one where marginally innovative products do not penetrate the market, or a branching point, where new technologies coexist along with established ones [7] .
For our model, let us consider: the "resident adopters" p r (those who make use of a known technology) are at equilibrium p r =p r , when "variant adopters" p µ (those who adopt a similar or variant technology with another strategy in resource use) appear. The difference between these two technologies is the strategic use of resources which can lead to competitive advantage. The ultimate goal of both technologies is the same; for the user, however, the efficient management of resources can be reflected in the optimization of the production process which generates a better product quality, greater quantity of output and lower environmental impact. So now there are two types of adopters i.e. p = p r + p µ . Under this premise, we ask under what conditions there is continuous innovation (i.e. continuous production of technology variants) in the system. Two possible scenarios are: 1) One technology displaces the other. 2) Both technologies coexist.
Coexistence is directly related to diversity and therefore to consumer choice in a market where no dominant technology can persist. There are traditional models to describe the introduction of emerging new technologies that substitute for existing technologies related to a period of coexistence. Watanabe et al. [40] describe the dynamics with different functions (exponential function, logistic (epidemic) function and Lotka-Volterra function) for the technology variant depending on how the function changes the effect of trait and define under what conditions there is coexistence. The same authors generalized the previous results by considering the balance of the co-evolution process in an ecosystem between competition and cooperation with Lotka-Volterra system [41] . Seong-Joon Lee et al. [33] describe the interaction of two competing technologies, where the technological substitution implies a period of co-existence which is an important equilibrium point in the system.
The biological analogy is a fruitful conceptual approach, this time to study coexistence (rather than competitive exclusion). Of course, one has to be careful with the use of analogy. We view it as a methodological tool to obtain insight into the problem of coexistence of technologies but recognize that there are factors in technology innovation that have no parallel in biological processes.
The resident adopters p r are in equilibrium with the resource ω r , when the emergence of variant adopters p µ with resources ω µ occurs. We pose the question: when is it that this variant technology displaces or coexists with the resident technology?
The above is described by the analysis of invasion, through the so-called invasion exponent. This function represents the per capita change of adopters of the resident technology to a similar technology. Following [24] and applying it to our context of innovation we have that the adopters dynamics is given byṗ = rp(1 − p). If we normalize time by setting τ = t n , the system under resource renewal is dp dτ
where the trait ω * = m n is subject to adaptive dynamics. We define ω * as an index of the adopters that leave the technology during the time that it takes to adopt, i.e. the technology "generation" time.
Since in order to evolve alternative strategies, one strategy at least must actually exist we know that the relevant problem only involves strategies such that: 0 ≤ ω * < 1, so only two cases must be considered. In both cases we consider the fate (invasion exponent) of a strategy ω *
, within a background characterized by an equilibrium resident strategy ω * r at its (stable) equilibrium pointp r .
The selection gradient S is a local description of the aptness experienced by an emerging new technology and it tells us in which direction the trait will evolve from the strategy of the resident current technology: if the sign is positive there is increased adoption of the variant technology and if it is negative there is a decrease.
The equilibrium point (p 1/2 orp 1 ) to consider for the resident technology equilibriump r depends on which region of strategy space is the trait: λ λ+ n < ω * r < 1 or 0 ≤ ω * r ≤ λ λ+ n . We refer the reader to [24] for an ecological discussion of the previous results. In what follows we again reinterpret [24] in an innovation process: a. Case. λ λ+ n < ω * r < 1. This corresponds to the case when resident adopters have not saturated the market. Under this scenario we ask whether the modified technology invades or disappears. Therefore the invasion exponent correspond to
The gradient S tell us under what conditions the new or variant technology replaces or not the already established one; in other words whether or not a technological substitution takes place. The fitness gradient for the variant adopters p µ looks like
thus it is negative forp replace resident ones as ω * µ becomes smaller that is, the time it takes to adopt decreases (see Fig. 7 ). 
so that the above determines a strategy for which the local gradient is zero, a so-called evolutionary singular strategy. Near a singular strategy there is no longer directional selection, so it may happen that both technologies will coexist in the marketplace the market [39] , explaining why neither strategy can eliminate the other (see Fig. 8 ).
Diffusion of technologies
Coexistence Time Figure 8 . Evolutionary singular strategy: coexistence of technologies.
In this work the case with external innovation presents only one case of interest (p 1 = 1 andω 1 = λ λ+ (n+n * ) ), the fate (invasion exponent) of a strategy ω µ where the adopters dynamic is given byṗ = (rp + r * )(1 − p) is defined by
within a background characterized by an equilibrium resident strategy ω r at its stable equilibrium pointp r . The particular equilibrium pointp corresponds to a strategy which saturates the market, thus the fitness gradient of the variant adopters p µ is given by:
as n and n * are the instantaneous rates of adoption thus the gradient is negative, meaning that new technologies can successfully invade as in the previous case.
4. Concluding remarks. The purpose of this study has been to provide a different perspective on how the logistic equation with dynamic resource use serves to explain some aspects of the technology cycle model, particularly the one related to the conditions that allow coexistence of competing technologies.
We have reinterpreted a model based on [24] for the generation of diversity in an ecological system in the context of the coexistence of competing technologies. From the ecological and innovation theory point of view the emergence and maintenance of diversity is an adaptive dynamic process [9] that, in this paper, we have explicitly linked to budget allocation stating that competition and coexistence represent different regimes of the same adaptive landscape [24] .
In technology innovation the competitive positions of the various agents (adopters and non-adopters) change through time and so do the economic incentives to adopt any given technology and the capabilities of the agents to make efficient use of the innovation [35] . In a technology change context, new goods displace old ones, earn profits for some period of time, and are then displaced.
In this same context [32] has pointed out that innovations are generated by the competition of firms or enterprises that seek to maximize profits through the use of their technology and, therefore, many models concentrate in the process of diffusion from the innovation-generating institutions to the "market" represented by the adopters of the technology. Technological change and the consequent economic growth have been linked through mathematical models [16] but mainly within the context of displacement of inferior technologies and the establishment of a dominant one. Models based on classical economic theory have difficulties in accommodating diversity [21] , [22] , although diversity is a key point for consumer choice and the study of competition.
As an alternative that complements the classical approach, our perspective is that products may display a process of evolution, revolution, maturation, destruction and replacement. There are cases where the system in its entirety may show a remarkable persistence [4] , made possible by the fact that local evolution of systems may allow it to achieve the requisites required for survival. Therefore rather than Schumpeterian creative destruction we may notice the creative persistence of technologies and a coexistence of competitive technological systems. In the battle between the IBM PC and Apple operating systems, evolution and competitive dynamics were not determined by the battle in the operating system domain alone, but was also influenced by numerous innovations in complementary technologies such as computer hardware and applications [28] .
The two models analyzed in this work, are both characterized by a replenishment of resources born from the intrinsic dynamics of the financial resources. In general, when using the logistic equation, the carrying capacity is constant allowing the modeller to introduce a feedback mechanism that regulates growth given in terms of a constant maximum number of individuals that the environment can support. When the environment is not assumed constant the carrying capacity can still be constant but the growth rate of the individuals may depend on the resource. This is the approach that we have illustrated and analyzed in the previous sections. The first model considers only the so-called internal innovation [42] resulting in three possible equilibrium scenarios, but only two of them are possible under the restriction that the instantaneous rate of adoption is greater than the abandonment rate of the technology, resulting in a net increase of adopters over time; moreover the efficiency in resource use determines the establishment of the full or incomplete adoption alternatives (see section 2). The second model, in addition, introduces external innovation [42] . In this case there is only one scenario of interest: the asymptotic behavior of the innovation system reaches full adoption of the technology, i.e., competitive exclusion and the dominance of a single technology takes place (the case of incomplete adoption occurs only if the investment strategy is unrealistically inefficient). As in the case of internal innovation, stability in this case is determined by the pattern of resource use.
Using the adaptive dynamics framework [39] , [10] , [7] we have concluded that for the case of the first model, the simple logistic equation coupled with resource use dynamics, the case of full adoption of a technology does not always lead to the competitive exclusion of all other technologies except one. The analysis indicates that the existence of a resource remnant allows for a neutral strategy, that is, there is not a fixed direction in the adaptive gradient on which the dynamics of the system has to evolve (the two possible directional paths being those leading either to the complete dominance of the technology or to its extinction). This indicates that the resources not used for the adoption of the dominant technology may allow the growth of the competing technology leading to a scenario where complete dominance is not possible: in other words, the apparent success of a technology harbors the emergence of a new competitor that will use the remnant of the resource to establish itself in the market without necessarily displacing the technology already established. In a theoretical scenario this process could be repeated several times: we could have two technologies coexisting when a third appears. If there are still resources left it is possible that this third technology may invade without displacing any of the other two previously established. At the end of this repeated process one could end up with an scenario where several technologies subsist in the market without full dominance nor extinction of anyone in particular. The problem that has to be addressed now is two fold: one the one hand, that of resource partitioning because even though globally no technology is dominant, for short periods of time one might be; on the other is the problem of the cost of adoption. In our model with resource use we do not look into the details of cost but give simply a description of the interaction of adopters and the market. On the other hand, the model complements other models in the literature by using the adaptive dynamics, viewed through adaptive dynamics technology variants which consist of a large number of small innovation. Obviously, each new technology that enters the resource space available varies in cost to the adopter or to the enterprise generating the technology. This situation is being explored in another paper.
